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ABSTRACT
We show that existing data suggest a simple scenario in which the nu-
cleon, and the ∆ and Roper resonances act as chiral partners in a reducible
representation of the full QCD chiral symmetry group. We discuss the
peculiar interpretation of this scenario using spin-flavor symmetries of the
naive constituent quark model, as well as the consistency of the scenario
with large-Nc expectations.
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21. Introduction
Understanding of the pattern of baryon masses and couplings from QCD remains an open
challenge for theorists. The need for theoretical progress is at least partly driven by
the prospect of new experimental results: the CLAS collaboration at JLab expects to
significantly improve knowledge of excited baryon masses and decays [1]. Complementary
efforts are well underway to compute properties of excited baryons using lattice QCD [2].
Progress has also been made in analyzing the excited baryons in the 1/Nc expansion [3,4].
In the large-Nc limit, the light baryons fall into representations of a contracted SU(2Nf )
spin-flavor symmetry where Nf is the number of active flavors [5]. This symmetry is highly
predictive; it determines inter alia ratios of axial-vector couplings and magnetic moments,
and gives rigorous justification to several aspects of the naive constituent quark model
(NCQM).
One particularly interesting unresolved issue in baryon spectroscopy is that of the
role of the Roper resonance, N(1440) or N ′. In the most naive interpretation, N ′ is a
three-quark radial excitation of the nucleon with the same spin-parity quantum numbers.
However, this interpretation has been questioned for several reasons. First, the calcu-
lated mass of N ′ would appear to be too high in quark models which include one-gluon
exchange [6]. (Models with explicit pion degrees of freedom evidently do not suffer from
this drawback. See, for instance, Ref. 7 and Ref. 8.) Second, several recent quenched
lattice QCD calculations find a spectrum inverted1 with respect to experiment, with N ′
heavier than the first excited state with opposite parity [2]. An alternative interpretation
is that the Roper is a hybrid state; that is, it couples predominantly to QCD currents
with some gluonic contribution [10,11]. Recently, the consequences of spin-flavor SU(6)
for the Roper multiplet have been worked out in the large-Nc expansion, assuming that
the Roper is in a 56-dimensional representation of spin-flavor SU(6) (the 20-dimensional
representation of spin-flavor SU(4)) [4]. Several predictions have been made which will be
tested experimentally at Jlab and other experimental facilities.
In this paper we consider consequences of chiral symmetry for the low-lying light
baryons. When chiral constraints on the baryons are discussed it is almost always in
the context of the limiting scenario of chiral-symmetry restoration2. By contrast, we
will consider consequences of the full QCD chiral symmetry group in the broken phase
for the light baryons. An important message that this paper hopes to convey is that
there is no need to summon extreme conditions in order to find consequences of chiral
symmetry in the broken chiral symmetry phase. The formalism necessary to extract the
1 See, however, a recent study which uses Bayesian techniques [9].
2 For several recent attempts, see Ref. 12 and Ref. 13.
3consequence of chiral symmetry for baryons was developed by Weinberg and others many
years ago [14,15,16,17,18]. We find it surprising that this ancient wisdom is not widely
known. Thus while much of what we present in this paper is not new, we feel that the
time is ripe for a reassessment of these powerful methods.
We first motivate our discussion by performing an updated analysis of the well-known
Adler-Weisberger sum rule for pion-nucleon (πN) scattering [19]. We then show that
in the resonance-saturation approximation, the Adler-Weisberger sum rule can be derived
directly from the chiral SU(2)×SU(2) algebra through a simple application of the Wigner-
Eckart theorem. Not surprisingly, the most powerful way of deriving consequences of the
chiral algebra is by using the group representation theory: that is, by requiring that the
baryons transform as sums of allowed irreducible representations. Now, naively one might
expect that these representations are infinite dimensional and that consequently chiral
symmetry gives very little predictive power in the low-energy theory. However, as we
will show, data suggest otherwise. In particular, we will make the case that the ground-
state chiral multiplet is composed of the nucleon, N(940), the ∆ resonance, ∆(1232), and
the Roper resonance, N(1440), which fall into a reducible (0, 12)⊕ (12 , 1) representation of
SU(2) × SU(2) with approximately maximal mixing. This representation offers a com-
pelling interpretation of the nucleon axial couplings and of the special role of the Roper
resonance in QCD.
We offer an interpretation of our results in the context of the NCQM. We find that
our proposed chiral representation is equivalent to placing the nucleon and the ∆ and
Roper resonances in a reducible 4 ⊕ 20 representation of spin-flavor SU(4). While this
scenario is consistent with large-Nc QCD, the naive large-Nc counting is badly violated
by experiment. Moreover, we find that our results are not consistent with placing the
Roper in a 20-dimensional representation of spin-flavor SU(4), as is usually assumed;
rather, consistency of our results with large Nc would require that the Roper be in the
fundamental representation of SU(4) in the large-Nc limit.
2. The Adler-Weisberger Sum Rule
2.1 The Dispersion Relation
Consider the renowned Adler-Weisberger sum rule [19],
g2A = 1−
2f2pi
π
∫ ∞
0
dν
ν
[σpi
−p (ν)− σpi+p (ν)]. (1)
Here gA is the nucleon axial-vector coupling, fpi ≃ 93 MeV is the pion decay constant and
σpi
±p is the total cross-section for charged pion scattering on a proton. Recall that this
sum rule for the πN scattering amplitude follows from two inputs: (i) a chiral symmetry
4low-energy theorem and (ii) the assumption that the forward πN amplitude with isospin,
I = 1, in the t-channel satisfies an unsubtracted dispersion relation. Saturating the sum
rule with N (I = 1/2) and ∆ (I = 3/2) resonances gives
g2A = 1−
∑
N
IN +
∑
∆
I∆ + continuum , (2)
where the IR are related to experimental widths by
IR =
64πf2piM
3
R
3
(
M2R −M2N
)3
(
SR + 12
)
ΓTOT (R → Nπ) , (3)
and SR is the spin of the resonance R.
We can now go to the Particle Data Group (PDG) [20] and compute the contribution of
each N and ∆ state to the sum rule (see Table 1). We include only established resonances
(⋆ ⋆ ⋆ and ⋆ ⋆ ⋆ ⋆), using PDG central values and estimates. We find
∑ IN = 0.72 and∑ I∆ = 1.3. Neglecting the continuum contribution (we will return to this point below), we
then obtain gA = 1.26, to be compared to the experimental value of 1.2670± 0.0035 [20].
This is truly remarkable agreement. There are several important things to notice from
Table 1. First, there is a cancellation between the N - and ∆-type contributions, which
enter with opposite sign. Second, ∆(1232) and N(1440) dominate the sum rule. Axial
transitions of the excited baryons to the ground-state nucleon are small compared to the
dominant transitions. For instance, saturating the sum rule with these two states alone
gives gA = 1.34.
Given the uncertainties in the resonance masses and axial couplings, and the neglect of
the continuum contribution, such remarkable agreement must to some degree be fortuitous.
Given the success of the sum rule one might ask: what precisely is the sum rule testing
about QCD? What is the significance of the assumption about the asymptotic behavior of
the forward πN scattering amplitude? Why do ∆(1232) and N(1440) seem to have special
status in saturating the sum rule? In order to answer these questions we will rephrase the
discussion of the sum rule entirely in the language of chiral symmetry.
2.2 The Symmetry Interpretation
In the limit of vanishing up and down quark masses, QCD has an SU(2)L × SU(2)R
invariance. We can write the chiral algebra as
[QAa ,QAb ] = iǫabcTc; [Ta ,QAb ] = iǫabcQAc ; [Ta , Tb ] = iǫabcTc , (4)
where T a are SU(2)V generators and QAa are the remaining axial generators. We define
the axial-vector coupling matrix,
5R IR R IR
P11 (
1
2
+
) N(940) −− P11 (12
+
) N(1710) 0.01
P33 (
3
2
+
) ∆(1232) 1.02 P13 (
3
2
+
) N(1720) 0.02
P11 (
1
2
+
) N(1440) 0.23 F35 (
5
2
+
) ∆(1905) 0.02
D13 (
3
2
−
) N(1520) 0.09 P31 (
1
2
+
) ∆(1910) 0.01
S11 (
1
2
−
) N(1535) 0.04 P33 (
3
2
+
) ∆(1920) 0.01
P33 (
3
2
+
) ∆(1600) 0.06 D35 (
5
2
−
) ∆(1930) 0.03
S31 (
1
2
−
) ∆(1620) 0.02 F37 (
7
2
+
) ∆(1950) 0.08
S11 (
1
2
−
) N(1650) 0.04 G17 (
7
2
−
) N(2190) 0.03
D15 (
5
2
−
) N(1675) 0.08 H19 (
9
2
+
) N(2220) 0.03
F15 (
5
2
+
) N(1680) 0.10 G19 (
9
2
−
) N(2250) 0.02
D13 (
3
2
−
) N(1700) 0.01 H3,11 (
11
2
+
) ∆(2420) 0.02
D33 (
3
2
−
) ∆(1700) 0.03 I1,11 (
11
2
−
) N(2600) 0.02
Table 1: Resonances which contribute to the Adler-Weisberger sum rule
for πN scattering. We have used PDG central values and estimates. We
emphasize that there is substantial uncertainty in these values. Only es-
tablished resonances (⋆ ⋆ ⋆ and ⋆ ⋆ ⋆ ⋆) have been tabulated.
〈β, λ|QAa |α, λ′〉 = [Xλa ]βα δλλ′ , (5)
where |α, λ〉 is a baryon state of definite helicity λ. Notice the Kronecker delta on the
right side of this equation. This implies that we are defining Xλa in a helicity-conserving
Lorentz frame [16]. A frame in which all momenta are collinear is such a frame, as is the
infinite-momentum frame. We are of course free to choose any frame. However, helicity-
conserving frames are special because in these frames chirality conservation becomes the
same as helicity conservation.
The physical consequences of the full chiral symmetry group can now be found by taking
matrix elements of the SU(2) × SU(2) algebra and using the Wigner-Eckart theorem to
express the algebra as a set of equations for reduced matrix elements [16]. Taking matrix
elements of the SU(2) × SU(2) algebra of Eq. (4) and inserting a complete set of states
gives
6[Xλa , X
λ
b ]βα = iǫabc[Tc]βα. (6)
This is a (generalized) Adler-Weisberger sum rule. An important comment is in order here.
One might suspect that the vacuum should contribute in the sum over states and that the
axial generator acting on the vacuum will generate quark-antiquark pairs, thus destroying
the group algebraic structure. The advantage of working in a helicity-conserving frame is
that the vacuum does not contribute in the sum over states; i.e. QAa |0〉 = 03. The chiral
symmetry is, however, broken spontaneously: although Xλa satisfies the chiral algebra, it
does not commute with the baryon mass-squared matrix and is therefore not a symmetry
generator. Hence in helicity-conserving frames, all evidence of symmetry breaking is in the
Hamiltonian and not in the states. Using the Wigner-Eckart theorem, we can write
〈Iβ, mβ|Xλ(m)|Iα, mα〉 = CIα1
(
Iβ, mβ;mα, m
)
Xλ (β, α) , (7)
where the C’s are Clebsch-Gordan coefficients and the Xλ(β, α) are reduced matrix el-
ements [16]. Taking matrix elements of Eq. (6) between states of definite isospin and
inserting a complete set of states then gives a set of coupled equations for the reduced
matrix elements [18]. It is easy to show that for Iα = Iβ =
1
2 , Eq. (6) yields
∑
γ=N
Xλ (β, γ)Xλ† (γ, α)−
∑
γ=∆
Xλ (β, γ)Xλ† (γ, α) = 34 δαβ . (8)
The coupling of most interest here is
gA =
√
2〈 p |X±
1
2
(+) |n 〉 =
√
4
3X
±
1
2 ( p , n ), (9)
where X(±) ≡ ∓ 1√2(X1±iX2) and we are ignoring overall phases. From Eq. (8) and Eq. (9),
with α = β = N and γ = R, it immediately follows that
g2A = 1− 43
∑
R=N
X
1
2 (N,R)X 12† (R, N) + 43
∑
R=∆
X
1
2 (N,R)X 12† (R, N) , (10)
which is none other than Eq. (2) when we identify
IR = 43 X
1
2 (N,R)X 12† (R, N) . (11)
We have now derived the Adler-Weisberger sum rule in two ways. This is not surprising:
in Ref. 18, Weinberg proved that the assumption that the forward πN amplitude with I = 1
in the t-channel satisfies an unsubtracted dispersion relation is equivalent to the algebraic
3 Note that the derivation of Eq. (6) given in Ref. 18 avoids any discussion of the QCD vacuum.
7statement of Eq. (6) in helicity-conserving frames. In his original derivation, Weinberg
used Regge pole theory to derive the asymptotic constraint, which then led to Eq. (6).
Note that, as a bonus, we can derive from Eq. (8) relations for other couplings of
interest. These couplings involve, beside the ground-state nucleon N , also the lowest
excitations such as the ∆(1232) and the N(1440). For example, we can define
g′A =
√
2〈 p |X±12(+) |n′ 〉 =
√
4
3X
±
1
2
(
p , n′
)
, (12a)
g′′A =
√
2〈 p′ |X±
1
2
(+) |n′ 〉 =
√
4
3X
±
1
2
(
p′ , n′
)
, (12b)
C∆N =
√
3〈 p |X±
1
2
(+) |∆++ 〉 =
√
3X±
1
2
(
p , ∆++
)
, (12c)
C∆N ′ =
√
3〈 p′ |X±
1
2
(+) |∆++ 〉 =
√
3X±
1
2
(
p′ , ∆++
)
, (12d)
where n′ (p′) is the neutral (charged) member of the N ′ isodoublet. In the simple scheme
in which we saturate the sum rule with ∆(1232) and the N(1440), we find
g2A + g
′ 2
A = 1 +
4
9 C2∆N . (13)
One can easily find additional relations among these parameters by taking appropriate
matrix elements of Eq. (6) and constructing the Adler-Weisberger sum rules for π∆ and
πN ′ scattering. However, as we will see next, it is far more general and practical to work
directly with the representations of the chiral symmetry group.
3. The Chiral Representation Theory
3.1 Axial-Vector Couplings
Any consequence of the chiral algebra can be obtained from the group representation the-
ory. We will do so now, as it proves to be a much more powerful means of extracting
consequences of chiral symmetry. The massless flavors of the underlying QCD Lagrangian
transform as (12 , 0) and (0,
1
2) with respect to SU(2)L×SU(2)R. Baryons made of light fla-
vors are in general reducible sums of any number of irreducible representations, constrained
only by isospin. For Nc = 3, the allowed irreducible representations are (
1
2 , 0), (0,
1
2), (
3
2 , 0),
(0, 32), (1,
1
2) and (
1
2 , 1)
4. Since (12 , 1) contains isospin
1
2 and
3
2 , we will differentiate the
isospin states by a subscript. The most general nucleon and ∆ states with λ = 12 can be
written as
4 These representations correspond to the dimensionalities, (2,1), (1,2), (4,1), (1,4), (3,2) and (2,3),
respectively.
8|N, 12〉 =
∑
l al |12 , 0〉(l) +
∑
k bk |0, 12〉(k) +
∑
m cm |12 , 1〉(m)1
2
+
∑
n dn |1, 12〉(n)1
2
, (14a)
|∆, 12〉 =
∑
l el |32 , 0〉(l) +
∑
k fk |0, 32〉(k) +
∑
m gm |12 , 1〉(m)3
2
+
∑
n hn |1, 12〉(n)3
2
, (14b)
where al, ..., hn are a priori unknown mixing parameters. Parity conservation implies
that the λ = −12 representation is obtained from Eq. (14) by interchanging SU(2)L and
SU(2)R representations; i.e. |A,B〉 → |B,A〉 where A ∈ SU(2)L and B ∈ SU(2)R [16]. It
is important to realize that the chiral multiplet structure in the broken chiral symmetry
phase has nothing to do with parity doubling. We define the axial-vector couplings of the
λ = 12 nucleon as
〈N, 12 |QAa |N, 12〉 = g
(1/2)
A [Ta] 1
2
1
2
, (15a)
〈N, 12 |QAa |∆, 12〉 =
√
2
3 C
(1/2)
∆N [Ta] 1
2
3
2
(15b)
where QAa is an SU(2)A generator and [Ta]αβ is the matrix element of the isospin operator
between baryon states of isospin α and β. Notice that the axial-vector coupling carries a
helicity superscript.
The action of the QCD generators on the states of definite chirality is given by
〈0, 12 | QAa |0, 12〉 = −〈12 , 0| QAa |12 , 0〉 = − [Ta]12 12 , (16a)
1
2
〈12 , 1| QAa |12 , 1〉 12 = −12 〈1,
1
2 | QAa |1, 12〉 12 = −
5
3 [Ta] 12
1
2
, (16b)
1
2
〈12 , 1| QAa |12 , 1〉 32 = −12 〈1,
1
2 | QAa |1, 12〉 32 = 2
√
2
3 [Ta] 12
3
2
. (16c)
Using Eq. (14) we can now find expressions for the axial couplings in terms of the
coefficients al, ..., hn. For example, putting Eq. (14a) into Eq. (15) and using Eq. (16), we
find for λ = +12
gA
(1/2) =
∑
l |al|2 −
∑
k |bk|2 − 53
(∑
m |cm|2 −
∑
n |dn|2
)
∑
l |al|2 +
∑
k |bk|2 +
∑
m |cm|2 +
∑
n |dn|2
, (17)
with the opposite sign holding for g
(−1/2)
A . Similar relations can be derived for other axial
couplings. We see from this expression that the baryon axial couplings are completely
determined by the angles which mix the states of definite chirality.
3.2 The Mass-Squared Matrix
In order to see the effects of spontaneous symmetry breaking, we must consider the
baryon mass-squared matrix. How does the mass-squared matrix transform with respect
9to SU(2)L×SU(2)R? In principle the mass-squared matrix, Mˆ2, can transform as a singlet
plus any non-trivial representation(s) of the chiral group. Here we will assume
Mˆ2 = Mˆ20 + Mˆ
2
q¯q, (18)
where Mˆ20 ∈ (0, 0) and Mˆ2q¯q ∈ (12 , 12). In Ref. 18, Weinberg showed that the assumption that
the forward πN amplitude with I = 2 in the t-channel satisfies a superconvergence relation
is equivalent to the algebraic statement of Eq. (18) in helicity-conserving frames [16]. All
chiral symmetry breaking in the baryon sector is then contained in matrix elements of the
form 〈0, 12 | Mˆ2q¯q |12 , 1〉 and 〈0, 12 | Mˆ2q¯q |12 , 0〉. The mass of a baryon B is defined as
M2B = 〈B, 12 |Mˆ2|B, 12〉. (19)
If one assumes that there is no inelastic diffractive scattering [16], there is an additional
superconvergence relation which can be expressed algebraically as
[
Mˆ20 , Mˆ
2
q¯q
]
= 0 . (20)
This rather peculiar commutator constrains the mixing angles in reducible representations,
as we will see below.
4. Chiral Representations
In principle the baryon representations can be infinite dimensional. If this were the
case, it would be unlikely that chiral symmetry would have any predictive power for the
baryons. Fortunately, the phenomenological analysis of the Adler-Weisberger relation pre-
sented in Sect. 2 suggests that the baryon representations are small. In this section we will
consider the consequences of the simplest baryon representations. We will be primarily
concerned with the pion transitions of the ground-state nucleon. Therefore, it is sufficient
to consider the λ = ±12 sector, although other helicities can be considered as well. We will
ignore the overall phases of the axial couplings. They can easily be found using Eq. (15)
and Eq. (16).
4.1 The Sigma Model
The simplest chiral representation places the nucleon helicity states in the (12 , 0) or
(0, 12) representations. This corresponds to al = cm = dn = 0 and bk = δk1 in Eq. (14a):
|N, 12〉 = |0, 12〉 , |N,−12〉 = |12 , 0〉 .
From Eq. (17) we find immediately that gA = 1. This prediction follows exclusively from
chiral symmetry and the assumed representation. This result is familiar from the linear
10
sigma model where there is one nucleon field, N = NL + NR, with NL ∈ (12 , 0) and
NR ∈ (0, 12), and one finds gA = 1. Here we see that helicity and chirality are identified in
the collinear frame.
4.2 The Generalized Sigma Model
A generalized sigma model contains nucleons and other I = 12 baryons which are sums
of any number of (12 , 0) and (0,
1
2) representations; that is, models where cm = dn = 0 in
Eq. (14a). These models are unrealistic as gA cannot exceed unity. This is easily seen from
Eq. (17):
|gA| =
∣∣∣
∑
l |al|2 −
∑
k |bk|2∑
l |al|2 +
∑
k |bk|2
∣∣∣ ≤ 1 . (21)
Hence, it is not possible to reach the physical value of gA unless the nucleon couples to at
least one state which transforms as (1, 12) or (
1
2 , 1). Put another way, unless the nucleon
couples to ∆, or some other I = 32 state, gA is constrained by the bound in Eq. (21).
4.3 The Non-Relativistic Quark Model
The simplest realistic representation places N and ∆ in an irreducible (12 , 1) representation:
|N, 12〉 = |12 , 1〉 12 , (22a)
|∆, 12〉 = |12 , 1〉 32 . (22b)
That is, al = bk = dn = el = fk = hn = 0 and cm = gm = δm1 in Eq. (14a). This
representation is interesting because it gives results equivalent to the spin-flavor SU(4)
predictions of the NCQM [17,21]. For the couplings and masses we find
gA =
5
3 , C∆N = 2 , M2N =M2∆ . (23)
This representation is unrealistic since the ∆ and the nucleon are degenerate. In extensions
of the NCQM one effectively perturbs around this basis in order to split the nucleon and
the ∆ and quench the axial couplings.
4.4 A Minimal Realistic Model
As we have seen above, a more interesting and realistic scenario is one in which N , ∆ and
N ′ saturate the Adler-Weisberger sum rule. One can easily show that the unique solution
in which these three states communicate by pion emission and absorption is a reducible
sum (0, 12)⊕ (12 , 1) [15,16]. For λ = 12 we can write this representation in terms of a single
mixing angle θ as
11
|N, 12〉 = sin θ |0, 12〉+ cos θ |12 , 1〉 12 , (24a)
|N ′, 12〉 = − cos θ |0, 12〉+ sin θ |12 , 1〉 12 , (24b)
|∆, 12〉 = |12 , 1〉 32 . (24c)
From Eq. (24) and Eq. (16) we immediately find
gA = 1 +
2
3 cos
2 θ , (25a)
g′A =
2
3 sin θ cos θ , (25b)
g′′A = 1 +
2
3 sin
2 θ , (25c)
C∆N = 2 cos θ , (25d)
C∆N ′ = 2 sin θ , (25e)
which clearly is consistent with Eq. (13), the Adler-Weisberger sum rule for πN scattering.
It is straightforward to show that there is a single relation involving the three masses and
the mixing angle, θ:
cos2 θM2N + sin
2 θM2
N ′
= M2∆ . (26)
The constraint of no inelastic diffraction from Eq. (20) implies maximal mixing, θ =
45o, which results in gA = 1.33 and MN ′ = 1467 MeV. Other predictions are shown in
Table 2. This value of the nucleon axial coupling is consistent with its chiral limit value,
as determined by the process πN → ππN [22]. We have also given predictions that
follow from fitting the mixing angle to gA = 1.26. The error bars on the experimental
values correspond to the PDG ranges for the decay widths and branching fractions and
therefore are seriously underestimated, particularly for the Roper axial couplings. Notice
that this chiral representation accounts for the Roper mass while quenching the nucleon
axial couplings from the NCQM values toward the experimental values. We find this to be
compelling evidence that this chiral representation is perturbatively close to nature. Since
the N -N ′ mass splitting is of order the kaon mass, the chiral (continuum) corrections to
this chiral multiplet can be computed using chiral perturbation theory [23].
4.5 A Second Reducible Model
A second interesting scenario is one in which N , ∆, N ′ and ∆′ (∆(1600)) saturate the
Adler-Weisberger sum rule. Here there are several ways in which these states can be
embedded in the chiral algebra. Here we choose a reducible sum of (1, 12) and (
1
2 , 1). For
λ = 12 we can write this representation in terms of two mixing angles, φ and δ as
12
TH1 TH2 EXP PROCESS
MN′ 1386 1467 1440± 30 Nπ → Nπ, . . .
gA 1.26 (input) 1.33 1.26 N → Nπ
g′
A
0.33 0.33 0.71± 0.20 N ′ → Nπ
g′′
A
1.41 1.33 −− N ′ → N ′π
C∆N 1.25 1.41 1.51± 0.10 ∆→ Nπ
C∆N′ 1.56 1.41 1.38± 0.50 N ′ → ∆π
Table 2: Comparison of chiral predictions with experiment. In the second
column (TH1) we fit θ = 51o from gA = 1.26, the physical value of the axial
coupling. In the third column (TH2) we assume maximal mixing θ = 45o,
consistent with the constraint of no inelastic diffraction.
|N, 12〉 = sinφ |12 , 1〉′1
2
+ cosφ |1, 12〉 12 , (27a)
|N ′, 12〉 = − cosφ |12 , 1〉′1
2
+ sinφ |1, 12〉 12 , (27b)
|∆, 12〉 = sin δ |12 , 1〉′3
2
+ cos δ |1, 12〉 32 , (27c)
|∆′, 12〉 = − cos δ |12 , 1〉′3
2
+ sin δ |1, 12〉 32 . (27d)
From Eq. (24) and Eq. (16) we immediately find
gA =
5
3 cos 2φ, (28a)
g′A =
5
3 sin 2φ, (28b)
g′′A =
5
3 cos 2φ, (28c)
C∆N = C∆′N ′ = 2 cos(φ+ δ), (28d)
C∆N ′ = C∆′N = 2 sin(φ+ δ). (28e)
It is straightforward to show that there is a single relation that is independent of the mixing
angles, and one relation involving the mixing angles:
M2N +M
2
N ′
=M2∆ +M
2
∆′
, (29a)
(M2
∆′
−M2∆) cos 2δ = (M2N ′ −M2N) cos 2φ. (29b)
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With gA as input, Eq. (28) determines φ = 21
o. Using the masses of N , ∆ and ∆′ as input
in Eq. (29a) gives MN ′ = 1790 MeV. We then find that Eq. (29b) has no real solution for
δ. We therefore find that this reducible representation is not consistent with the assumed
particle content. We will return to this point below.
5. Discussion
5.1 The Quark Model Interpretation
The spin-flavor structure of the baryon multiplets seems to provide a powerful explanation
of why the Adler-Weisberger sum rule is almost completely saturated by the ∆, with smaller
contributions from higher states. In the NCQM the nucleon and the ∆ resonance fill out
the completely symmetric 20-dimensional representation of spin-flavor SU(4), which we
have seen is equivalent to the (12 , 1) representation of SU(2)L × SU(2)R [17,21]. In the
NCQM the proton and ∆+ wavefunctions can be written as
| p ; 20〉 = 1√
6
(2|u ↑ u ↑ d ↓〉 − |u ↑ u ↓ d ↑〉 − |u ↓ u ↑ d ↑〉) + . . . (30a)
| ∆+ ; 20〉 = 1√
3
(|u ↑ u ↑ d ↓〉+ |u ↑ u ↓ d ↑〉+ |u ↓ u ↑ d ↑〉) + . . . (30b)
where . . . signifies cyclic permutations which are irrelevant for our purpose. The action of
the axial-vector operator, q†σ3τ3q, on u ↑ and d ↓ is +1 and on u ↓ and d ↑ is −1. One
then trivially finds gA = 5/3 and C∆N = 2. Similarly, placing the proton in the completely
antisymmetric 4 representation gives rise to the wavefunction
| p ; 4〉 = 1√
2
(|u ↑ u ↓ d ↑〉 − |u ↓ u ↑ d ↑〉) + . . . (31)
from which one easily finds gA = 1. We can then easily recover the axial-coupling pre-
dictions from our minimal realistic model by placing N , N ′ and ∆ is a reducible 4 ⊕ 20
representation of SU(4):
|N〉 = sin θ | 4 ; 1+〉+ cos θ | 20 ; 0+〉4, (32a)
|N ′〉 = − cos θ | 4 ; 1+〉+ sin θ | 20 ; 0+〉4, (32b)
|∆〉 = | 20 ; 0+〉16 , (32c)
where the subscripts indicate the spin-flavor content. Here we have included the spatial
quantum numbers that one naively expects. Since the 4 of spin-flavor SU(4) is completely
antisymmetric, it must carry at least one unit of orbital angular momentum. In the
NCQM the | 4 ; 1+〉 state is thought to be irrelevant as it requires two quarks in a baryon
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to be in an excited state. The presence of orbital angular momentum is quite strange
as a nonvanishing nucleon-∆ mass splitting requires that Mˆ2q¯q, which acts like an order
parameter, carry orbital angular momentum. The peculiar NCQM interpretation of the
chiral symmetry representations in the collinear frame was noticed long ago by Casher and
Susskind [24].
In the NCQM one usually assigns N ′ and ∆′ to a radially-excited 20-dimensional
representation of SU(4). These states then mix with the “ground state” 20-dimensional
representation containing N and ∆. But this is precisely the second reducible model that
we have analyzed above which overpredicts the Roper mass and has no solution for the
axial couplings.
5.2 The Large-Nc Limit
Given the peculiar interpretation of the minimal realistic model in the NCQM it is of
interest to consider the large-Nc limit. For a baryon made of Nc (odd) quarks, there are
(Nc + 1)(Nc + 3)/4 possible irreducible representations. It can be shown that, for each
helicity λ, the ground state baryons fall into an ((Nc − 2λ)/4, (Nc + 2λ)/4) irreducible
representation of SU(2)L × SU(2)R [21]. It is then straightforward to find
gA = (Nc + 2)/3, (33a)
C∆N =
√
(Nc + 5)(Nc − 1)/2, (33b)
which is consistent with the contracted spin-flavor SU(4) symmetry of large-Nc QCD [5]
and for Nc = 3 is consistent with the SU(4) results.
We may now ask whether our minimal realistic model has a sensible large-Nc limit.
If we assume that a baryon is made of Nc quarks then our model generalizes to ((Nc −
1)/4, (Nc+1)/4)⊕(0, 12), again with a single mixing angle, θ. SinceM∆−MN = O(1/Nc), it
follows from Eq. (26) that θ = O(1/Nc). Therefore in the large-Nc limit N
′ decouples from
the reducible chiral representation and transforms irreducibly in the (0, 12) representation
(the 4 of SU(4)), and N and ∆ transform irreducibly in the ((Nc − 1)/4, (Nc + 1)/4)
representation as required. Hence the minimal realistic representation is consistent with
large-Nc expectations for the ground state tower. What is surprising is that data seem
to prefer maximal mixing, sin θ ∼ cos θ, whereas in the large-Nc limit, cos θ ∼ 1 and
sin θ ∼ 1/Nc. We do not yet understand what this portends for the 1/Nc corrections of
the nucleon and ∆ axial couplings.
6. Conclusion
The main point to take from this paper is that even at low energies where chiral symmetry
is spontaneously broken, there is a sense in which the baryon spectrum fall into reducible
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representations of the chiral algebra. This has nothing to do with parity doubling near
a chiral symmetry restoring phase transition. We have found that existing data suggest
that the nucleon and the ∆ and Roper resonances form a reducible sum of (0, 12) and
(12 , 1) representations of the chiral group, with maximal mixing. From the perspective of
the naive constituent quark model this is equivalent to placing these states in a reducible
4⊕20 representation of spin-flavor SU(4). Our results suggest that other baryons also fall
into finite-dimensional chiral representations that in principle can be mapped out at JLab
and other experimental facilities. We stress that it is somewhat peculiar that the chiral
multiplet involving the nucleon involves only a few states and that the representations enter
with approximately equal weight [23]. We find no QCD-based argument which would
explain this simple multiplet structure. This is a worthy puzzle whose resolution –we
believe– will lead to deep insight into the manner in which the hadron spectrum arises
from QCD.
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